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Abstract
This paper presents DAS-ILU, a Distributed Asynchronous parallel

Incomplete LU factorization method based on domain decomposi-

tion. DAS-ILU partitions the computational domain into indepen-

dently processed interior nodes and asynchronously updated sepa-

rator nodes, thereby reducing cross-processor dependencies and

halving the separator size compared to conventional methods. To

further improve performance, it employs optimized data exchange

patterns to minimize communication overhead and extends sup-

port to block-structured sparse matrices via exact block inversions.

Comprehensive evaluations on a range of problem types—including

structural mechanics, computational fluid dynamics, and reservoir

simulation demonstrate the superior performance of DAS-ILU. Com-

pared to state-of-the-art ILU implementations, DAS-ILU achieves
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solve time speedups of up to 2.07× over Chow-Patel’s fine-grained

parallel ILU and up to 4.11× over HYPRE’s ILU. Moreover, DAS-ILU

exhibits strong robustness when applied to challenging nonsym-

metric and indefinite systems.
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1 Introduction
Incomplete LU (ILU) factorization is a widely used precondition-

ing technique for solving large sparse linear systems arising in

computational fluid dynamics, structural mechanics, and reservoir
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simulations [9, 34, 36]. By approximating the LU decomposition

while selectively discarding fill-in entries, ILU strikes a balance be-

tween numerical robustness and computational efficiency. However,

the inherent row-wise dependencies of classical ILU algorithms,

rooted in Gaussian elimination, pose significant challenges for par-

allelization on modern distributed and multicore architectures.

To address these challenges, various parallel ILU strategies have

been proposed. Techniques such as level scheduling [19, 36] and

multicolor reordering [22, 30], aim to expose parallelism by altering

the matrix order. Level scheduling partitions matrix rows into levels

that can be processed concurrently, but parallel efficiency dimin-

ishes with irregular matrices or deep dependency chains. Multicolor

reordering assigns non-interacting colors to rows or columns, en-

abling simultaneous updates within a color group. However, such

reordering often disrupts matrix structure, degrading precondi-

tioner quality and increasing iteration counts—for example, by up

to 50% in Laplacian problems [14, Table 5.3].

Domain decomposition methods offer an alternative by dividing

the global domain into subdomains, enabling coarse-grained paral-

lelism suitable for distributed memory platforms [4, 17, 25]. While

these methods apply ILU locally [39], they introduce coupling chal-

lenges at subdomain interfaces, necessitating synchronization or

approximation that can hinder scalability and convergence. Recent

efforts have explored fine-grained parallelism and asynchronous

iterative schemes to circumvent the limitations of traditional ILU.

Notably, Chow and Patel [10] reformulated ILU as a nonlinear fixed-

point problem, enabling asynchronous updates. Although this ap-

proach shows promise for shared-memory systems, it suffers from

communication overhead and limited scalability on distributed-

memory platforms due to frequent global synchronization [2]. Hy-

brid methods combining domain decomposition with asynchronous

execution remain underexplored, particularly in mitigating the se-

rialization bottleneck at subdomain interfaces.

In this work, we propose DAS-ILU, a distributed asynchronous

parallel ILU factorization method that combines domain decom-

position with a communication-aware asynchronous fixed-point

iteration. We introduce a domain decomposition strategy that par-

titions the computational domain into interior and separator re-

gions, thereby minimizing cross-processor dependencies. Interior

rows are processed independently using conventional ILU factor-

ization without requiring communication, while separator rows are

approximated through a fixed-point iteration with asynchronous

communication. To further reduce communication overhead, we

develop a asynchronous Jacobi iterations for forward and back-

ward substitutions, leveraging optimized data exchange patterns.

For block-structured sparse matrices arising from PDE-coupled

systems, we extend the scalar ILU to a point-block ILU factoriza-

tion by employing block CSR storage and exact block inversions

to account for local couplings. Additionally, DAS-ILU is integrated

with algebraic multigrid (AMG) as a smoother, further accelerating

convergence for large-scale problems.

Comprehensive experimental evaluations on benchmark ma-

trices from the SuiteSparse collection [13], convection-diffusion

PDEs, and the SPE10 reservoir model [11] demonstrate that DAS-

ILU delivers superior performance and scalability. Compared to

the Chow–Patel and the state-of-the-art ILU implementation in

HYPRE [17], DAS-ILU consistently achieves faster solve times,

Algorithm 1 Conventional ILU Factorizations

1: for 𝑖 = 1, · · · , 𝑛 do
2: for 𝑘 = 1, · · · , 𝑖 − 1 and (𝑖, 𝑘 ) ∈ 𝑆 do
3: 𝑎𝑖𝑘 = 𝑎𝑖𝑘/𝑎𝑘𝑘
4: for 𝑗 = 𝑘 + 1, · · · , 𝑛 and (𝑖, 𝑗 ) ∈ 𝑆 do
5: 𝑎𝑖 𝑗 = 𝑎𝑖 𝑗 − 𝑎𝑖𝑘𝑎𝑘 𝑗

6: end for
7: end for
8: end for

Algorithm 2 Fine-grained parallel ILU

1: Set unknowns 𝑙𝑖 𝑗 and 𝑢𝑖 𝑗 to initial values

2: for sweep = 1, 2, . . . until convergence do
3: parallel for (𝑖, 𝑗 ) ∈ 𝑆 do
4: if 𝑖 > 𝑗 then
5: 𝑙𝑖 𝑗 =

(
𝑎𝑖 𝑗 −

∑𝑗−1
𝑘=1

𝑙𝑖𝑘𝑢𝑘 𝑗

)
/𝑢 𝑗 𝑗

6: else
7: 𝑢𝑖 𝑗 = 𝑎𝑖 𝑗 −

∑𝑖−1
𝑘=1

𝑙𝑖𝑘𝑢𝑘 𝑗

8: end if
9: end for
10: end for

with speedups of up to 1.47× and 1.43× for convection–diffusion
problems on distributed systems with more than 3,500 cores. Fur-

thermore, numerical results for the symmetric and nonsymmetric

matrices from SuiteSparse [12] show that DAS-ILU achieves solve

time speedups of up to 2.07× over Chow–Patel and up to 4.11×
over HYPRE. Moreover, DAS-ILU maintains its robustness when

applied to challenging nonsymmetric and indefinite systems.

The key contributions include:

(1) Efficient Domain Decomposition: Partitions the computa-

tional domain into interior and separator nodes, minimizing

cross-processor dependencies while reducing separator size

by approximately 50%.

(2) Communication-aware Asynchronous Iteration: Inte-
grates domain decomposition with asynchronous communi-

cation while avoiding explicit Schur complement construc-

tion, utilizing parallel factorization for interior rows and

fixed-point iterations for separator rows, leveraging opti-

mized data exchange patterns to minimize overhead.

(3) Block-structured Support: Extends support to block-structured
matrices using exact block inversions, improving efficiency

for coupled PDE systems.

2 Background
2.1 Conventional ILU algorithm
Given a sparse matrix 𝐴, the incomplete LU (ILU) factorization

constructs sparse lower and upper triangular matrices 𝐿 and 𝑈

through an approximate decomposition process, maintaining 𝐿𝑈 ≈
𝐴 under a prescribed sparsity pattern 𝑆 . The sparsity pattern 𝑆 can

be determined a priori through symbolic analysis or adaptively

during numerical computation.

As shown in Algorithm 1, the conventional approach mimics

Gaussian elimination with fill-in restrictions [33]. This sequential

process in rows creates inherent dependencies in which each update
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of the row requires previously computed entries, making direct

parallelization challenging. The subsequent triangular solves are

also subject to this sequential dependency.

Common types of ILU factorization include ILU(𝑘) (level-of-fill),

ILUT (threshold-based), and ILUP (ILU with pivoting), among oth-

ers; see [33] for a comprehensive overview.

2.2 Fine-grained parallel ILU
Chow and Patel [10] proposed a fine-grained parallel ILU factor-

ization algorithm in reinterpreting ILU as a nonlinear fixed-point

problem. For a given sparsematrix𝐴with sparsity pattern 𝑆 , the ILU

factorization must satisfy the element-wise consistency condition:

(𝐿𝑈 )𝑖 𝑗 = 𝐴𝑖 𝑗 ,∀(𝑖, 𝑗) ∈ 𝑆. (1)

This constraint induces a nonlinear system of equations governing

the lower triangular entries 𝑙𝑖 𝑗 and upper triangular entries 𝑢𝑖 𝑗 ,

with explicit expressions:

𝑙𝑖 𝑗 =
1

𝑢 𝑗 𝑗

(
𝑎𝑖 𝑗 −

𝑗−1∑︁
𝑘=1

𝑙𝑖𝑘𝑢𝑘 𝑗

)
(𝑖 > 𝑗) (2)

𝑢𝑖 𝑗 = 𝑎𝑖 𝑗 −
𝑖−1∑︁
𝑘=1

𝑙𝑖𝑘𝑢𝑘 𝑗 (𝑖 ≤ 𝑗) (3)

By vectorizing the unknowns 𝑙𝑖 𝑗 and 𝑢𝑖 𝑗 into 𝑥 ∈ 𝑅𝑚 , where𝑚 =

𝑛𝑛𝑧 (𝑆), the system admits a fixed-point representation

𝑥 = 𝐺 (𝑥), (4)

where 𝐺 denotes the nonlinear update operator. Chow and Patel

present an asynchronous implementation of this nonlinear fixed-

point iteration in Algorithm 2. Each fixed-point iteration updat-

ing all the unknowns of 𝑥 is called a “sweep”. Compared to the

conventional algorithm shown in Algorithm 1, Algorithm 2 is par-

allelized across the elements of 𝑆 , and the elements can also be

updated asynchronously. The convergence of this new algorithm

is proved under certain conditions in [10], and numerical results

show that only a few sweeps of the factorization are sufficient to

construct an effective preconditioner. In this work, we implement

the Chow–Patel ILU algorithm on a distributed-memory platform

within the YHAMG framework [18].

2.3 Domain Decomposition Methods
Domain decomposition (DD) methods partition the computational

domain into smaller subdomains that can be processed in parallel,

enabling efficient utilization of distributed computing resources

for large-scale linear systems. The domain decomposition frame-

work partitions the computational domain into 𝑝 non-overlapping

subdomains, leading to a block-structured matrix representation:

𝐴 =

©­­­­«
𝐴1 𝐸12 · · · 𝐸1𝑝
𝐸21 𝐴2 · · · 𝐸2𝑝
.
.
.

.

.

.
. . .

.

.

.

𝐸𝑝1 𝐸𝑝2 · · · 𝐴𝑝

ª®®®®¬
, (5)

where𝐴𝑖 denotes the submatrix associated with the 𝑖-th subdomain,

while 𝐸𝑖 𝑗 represents the coupling between subdomains 𝑖 and 𝑗 .

One of the simplest ways to precondition (5) is to use the one-
level block Jacobi approach, where ILU factorization is applied

independently to each subdomainmatrix𝐴𝑖 . While computationally

efficient, this approach often suffers from poor convergence due to

neglecting inter-subdomain couplings.

Two-Level ILU Approaches. To construct more efficient pre-

conditioners, two-level approaches further exploit the DD frame-

work. Each subdomain matrix 𝐴𝑖 is reordered into interior and

interface nodes:

𝐴𝑖 =

(
𝐵𝑖 𝐹𝑖
𝐸𝑖 𝐶𝑖

)
, (6)

where 𝐵𝑖 contains the interior nodes, 𝐶𝑖 contains the interface

nodes, and 𝐸𝑖 , 𝐹𝑖 represent cross-term couplings. Interior nodes are

connected only to other nodes within the same subdomain, while

interface nodes have connections to nodes in other subdomains.

The global coefficient matrix 𝐴 can be written as

𝐴 =

(
𝐵 𝐹

𝐸 𝐶

)
=

(
𝐼 0

𝐸𝐵−1 𝐼

) (
𝐵 0

0 𝑆

) (
𝐼 𝐵−1𝐹
0 𝐼

)
, (7)

where 𝐵 = diag{𝐵1, · · · , 𝐵𝑝 } is block diagonal, and 𝑆 = 𝐶−𝐸𝐵−1𝐹 is

the Schur complement matrix capturing interface interactions [38].

The ILU factorization is applied to approximate each local sub-

domain matrix 𝐵𝑖 :

𝐵𝑖 ≈ 𝐿𝑖𝑈𝑖 , (8)

where 𝐿𝑖 and 𝑈𝑖 are lower and upper triangular matrices, respec-

tively.

The parallel ILU strategy in HYPRE employs a two-level ap-

proach [39], consisting of ILU solves within local subdomain blocks

and a global solve involving the Schur complement system. How-

ever, the explicit formation and factorization of the Schur comple-

ment 𝑆 can be computationally expensive and memory-intensive,

particularly for problems with large interface regions. Other DD-

based ILU methods, such as those in [5, 7, 8], also rely on explicit

Schur complement construction, leading to similar computational

and storage challenges.

3 Distributed Asynchronous ILU Factorization
3.1 Domain Decomposition and Ordering
Our method employs a domain decomposition framework that par-

titions the computational domain into multiple subdomains using

graph partitioning techniques, with each subdomain assigned to a

processor such that subdomain numbering aligns with processor

rank. As shown in Figure 1(a), the computational domain is evenly

distributed on nine processors. In each subdomain, local interface
points denote points within a local subdomain that couple to an

external subdomain, and external interface points represent points
outside subdomain that couple to a local interface point. For exam-

ple, in Figure 1(a), the green and red areas are the local interface
and external interface points of Proc 4, respectively.

ILU decomposition employs Gaussian elimination to progres-

sively eliminate the lower triangular entries, and the resulting data

dependencies inherently limit inter-processor communication to

a lower triangular communication pattern. Specifically, each sub-

domain receives external interface data only from its neighboring

subdomains that are ordered before it, which we designate as lower-

rank neighbors. Correspondingly, each subdomain transmits its

local interface data to the neighboring subdomains that are ordered

after it, referred to as higher-rank neighbors.
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(c) Associated Matrix

Figure 1: Domain decomposition and classification of grid points. In (a), the computational domain is divided into 9 subdomains.
In (b), grid points are classified into separator (gray) and interior (white) regions, and sorted accordingly. (c) shows the
corresponding matrix structure.

Furthermore, we divide each subdomain into two topological re-

gions: the separator and the interior. The separator (gray grid points

in Figure 1(b)) comprising local interface points adjacent to lower-

rank subdomains, and the interior (white grid points) containing all

remaining points. Notably, local interface points bordering higher-

rank subdomains are classified as interior nodes, whereas their

external counterparts constitute the separator. Compared to the

conventional DD framework [39], our partitioning approach yields

larger interior regions, thereby offering improved parallelism.

Within each subdomain, the grid points are numbered in such a

way that the interior points precede the separator points. This order-

ing strategy ensures two fundamental principles: in each processor,

(1) local interior points are not coupled with external interior points,

but only with adjacent separator points (local or from higher-rank

neighbors), and (2) their indices are always smaller than those of

adjacent separator points. The associated pattern-symmetric matrix

structure under this ordering is demonstrated in Figure 1(c).

3.2 Distributed Asynchronous ILU
To clarify our distributed asynchronous ILU method, we begin

by introducing the local data structure. Figure 2 shows the local

structure of the matrix in Figure 1(c). The local matrix for each

subdomain can be partitioned into four distinct blocks: 𝐿,𝑈 , 𝐸, and

𝐹 . Here, 𝐿 and 𝑈 denote the lower and upper triangular parts of

the local coupling matrix within the subdomain, respectively. The

block 𝐸 corresponds to the couplings with lower-rank neighboring

subdomains, while 𝐹 corresponds to the couplings with higher-rank

neighboring subdomains. Crucially, 𝐸 does not contain nonzero en-

tries in rows corresponding to interior points, as these points have

no dependencies on preceding subdomains. 𝑅 stores the factored

rows corresponding to the column of 𝐸 from lower-rank neighbors.

For interior rows, ILU factorization can proceed independently

for these interior rows without communication between subdo-

mains. In contrast, due to the dependencies on lower-rank neigh-

bors, separator rows require sequential processing that follows

three phases: (1) Receiving and integrating factored external inter-
face rows 𝑅 from lower-rank neighbors. (2) Eliminating the 𝐸 block

using the pivots from 𝑅, and performing local ILU factorization

on the separator rows. (3) Packing and sending completed local
interface rows to higher-rank neighbors. This dependency chain

introduces an unavoidable serialization bottleneck, particularly

problematic for large-scale distributed systems where asynchro-

nous execution is preferred.

To overcome this limitation, we implement a distributed asyn-

chronous iterative scheme, as shown in Algorithm 3. Initially, each

processor performs the conventional ILU factorization for interior

rows in parallel. To solve the system for separator rows, we first

construct initial approximations using the original matrix entries

from𝐴. Subsequently, we employ a block version of the fixed-point

iteration scheme to obtain the approximate factorization. In each

iteration, processors simultaneously receive the external interface
rows 𝑅 from lower-rank neighbors and send current local interface
rows to higher-rank neighbors. With block 𝐸 eliminated using the

most recently received matrix 𝑅, we can perform independent ILU

factorization on the separator rows. This process is repeated until

convergence.

As shown in Figure 3, process 4 first performs ILU factorization

on interior rows 36-39. During iterative processing of separator

rows 40-44, the algorithm concurrently receives factorized rows 17,

13, 14 from Proc 1 and rows 35, 29, 32 from Proc 3, while simulta-

neously transmitting local interface rows 42, 37, 39 to Proc 5 and

rows 44, 38, 39 to Proc 7. The received rows serve as pivots for elim-

inating their corresponding couplings in the 𝐸 block components

identified in Figure 2.

A key advantage of our method is the significant reduction

in communication overhead after the initial sweep. The interface

points that are also interior points (such as {13, 14, 29, 32, 37, 38,

39} in Figure 3, marked with dotted circles) only participate in com-

munication during the first sweep. This is because interior rows

undergo exact ILU factorization at the initial stage. In subsequent it-

erations, communication is streamlined to focus solely on separator

points ({40, 41, 42, 43, 44} in this example), substantially decreasing

inter-process data exchange.

The efficiency of our approach is particularly evident in large-

scale problems. For instance, in a 3D problem with total size𝑂 (𝑘3),
the separator size and first-sweep communication volume are𝑂 (𝑘2),
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Figure 2: The local ILU data structure contains four matrix
blocks: L (lower triangular) and U (upper triangular) represent-
ing intra-subdomain couplings, E for couplings with lower-rank
neighboring subdomains, and F for couplings with higher-rank
neighbors. R stores the factored external interface rows received
from lower-rank neighbors.
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with dotted circles represent communication only in the
first iteration.

Algorithm 3 Distributed Asynchronous ILU Factorization

Require: Local matrix structure:

𝐴
local

=


𝑅ext1 𝑅

loc
𝑅ext2

0 𝐴int 𝐹int
𝐸 𝐴sep 𝐹sep


⊲ External interface (from lower-rank neighbors)

⊲ Interior rows

⊲ Separator rows

Ensure: Approximate ILU factors 𝐸, 𝐿̃, 𝑈̃ , 𝐹

1: Perform ILU factorization for interior rows: [𝐿̃int, 𝑈̃int, 𝐹int] = ilu( [𝐴int 𝐹int])
2: Initialize separator: 𝐿̃

(0)
sep

, 𝑈̃
(0)
sep
← Split(𝐴sep) and 𝐹

(0)
sep
← 𝐹sep

3: for 𝑘 = 1, 2, . . . until convergence do
4: Send factorized local interface rows to higher-rank neighbors : [𝑈̃ (𝑘−1)

sep
𝐹
(𝑘−1)
sep

], and [𝑈̃int 𝐹int] for only first sweep

5: Receive external interface data from lower-rank neighbors : [𝑅̃ (𝑘−1)
ext1

𝑅̃
(𝑘−1)
loc

𝑅̃
(𝑘−1)
ext2

]
6: Eliminate coupling block: 𝐸 (𝑘 ) ≈ 𝐸 (𝑅 (𝑘−1)

ext1

)−1

7: Update separator rows: [𝐴sep 𝐹sep] ≈ [𝐴sep 𝐹
(𝑘 )
sep
] − 𝐸 (𝑘 ) [𝑅̃ (𝑘−1)

loc
𝑅̃
(𝑘−1)
ext2

]
8: Perform ILU factorization on updated separator rows: [𝐿̃ (𝑘 )

sep
, 𝑈̃
(𝑘 )
sep

, 𝐹
(𝑘 )
sep
] = ilu( [𝐴𝑠𝑒𝑝 𝐹sep])

9: end for

while subsequent sweeps reduce communication volume to 𝑂 (𝑘).
Our extensive testing reveals that typically 2-5 sweeps are required

to construct an effective ILU factorization.

3.3 Distributed Asynchronous Triangular Solves
Once the factorization is complete, applying the ILU preconditioner

involves solving triangular systems. In each processor, the systems

can be expressed as

𝐿𝑦 + 𝐸𝑦𝑒𝑥𝑡 = 𝑏, (9)

𝑈𝑥 + 𝐹𝑥𝑒𝑥𝑡 = 𝑦, (10)

where 𝑦𝑒𝑥𝑡 and 𝑥𝑒𝑥𝑡 represent external interface data for the dis-

tributed solution process. The vector 𝑦𝑒𝑥𝑡 corresponds to the ex-

ternal interface data aligned with the columns of block 𝐸, which

is received from lower-rank neighboring processors during the

forward substitution phase. Similarly, 𝑥𝑒𝑥𝑡 denotes the external

interface data associated with the columns of block 𝐹 , obtained

from higher-rank neighboring processors during the backward

substitution phase.

Algorithm 4 Distributed asynchronous solve for 𝐿𝑦 + 𝐸𝑦𝑒𝑥𝑡 = 𝑏

1: Solve 𝑦 (0) = 𝐿−1𝑏 for interior rows.

2: for 𝑘 = 1, 2, . . . until convergence do
3: Receive external interface data 𝑦𝑒𝑥𝑡 from lower-rank neigh-

bors and send local interface data to higher-rank neighbors.

4: Update 𝑦 (𝑘 ) = 𝐿−1 (𝑏 − 𝐸𝑦 (𝑘−1)𝑒𝑥𝑡 ) for separator rows.
5: end for

The forward substitution in Equation (9) can be resolved through

an iterative scheme. Specifically, we consider a block Jacobi iteration

as following:

𝐿𝑦𝑘+1 = 𝑏 − 𝐸𝑦𝑘𝑒𝑥𝑡 (11)

with initial condition𝑦0 = 0. Observing that interior points are fully

decoupled from external dependencies (block 𝐸 has no nonzero in

interior rows), they can be solved directly during the initial iteration.

So only the separator variables require iterative computation in

subsequent steps.
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Figure 4: Local data structure and communication pattern for
backward substitution. The vector xexternal stores the externally
received values of x from higher-rank neighbors, aligned with
the column indices of matrix F.
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Algorithm 5 Distributed asynchronous solve for𝑈𝑥 + 𝐹𝑥𝑒𝑥𝑡 = 𝑦

1: Solve 𝑥 (0) = 𝑈 −1𝑦.
2: for k = 1, 2, . . . until convergence do
3: Receive interface data from higher-rank neighbors 𝑥

(𝑘−1)
𝑒𝑥𝑡

and send interface data to lower-rank neighbors.

4: Update 𝑥 (𝑘 ) = 𝑈 −1 (𝑦 − 𝐹𝑥 (𝑘−1)𝑒𝑥𝑡 ) for separator rows.
5: end for
6: Update 𝑥 (∗) = 𝑈 −1 (𝑦 − 𝐹𝑥 (∗)𝑒𝑥𝑡 ) for interior rows.

Similarly, we propose a distributed lower triangular solve algo-

rithm, detailed in Algorithm 4. This process also leverages the com-

munication pattern illustrated in Figure 3, where interface points

that are also interior points (corresponding to the points marked

with dotted circles) only need to communicate once, as their values

will not change with iterations.

The backward substitution of Equation (10) employs a simi-

lar asynchronous communication pattern, but with reversed data

dependency directions. The iterative scheme can be formally ex-

pressed as:

𝑈𝑥𝑘+1 = 𝑦 − 𝐹𝑥𝑘𝑒𝑥𝑡 (12)

initialized with 𝑥0 = 0. In backward substitution, the separator

does not depend on the interior points (it comes after the interior

in order). Consequently, interior variables can be resolved in a final

parallel step after separator iterations converge.

The distributed asynchronous upper triangular solve algorithm

is detailed in Algorithm 5. In particular, the communication pattern

illustrated in Figure 4 and Figure 5 reveals optimized data exchange

patterns.

3.4 Convergence Analysis
Since DAS-ILU is equivalent to Chow-Patel ILU under our ordering

scheme, it inherits the same convergence properties. We provide

formal convergence guarantees for both the factorization and tri-

angular solve phases.

Asynchronous Factorization: The DAS-ILU algorithm con-

verges to the traditional ILU factorization within at most 𝑝 − 1

fixed-point iterations, where 𝑝 is the total number of domain parti-

tions. This can be proven by mathematical induction: partition 𝑃0

has no couplings with lower-rank neighbors, so all its rows con-

verge after the first phase without requiring fixed-point iterations.

If partitions 𝑃0, . . . , 𝑃𝑘 have converged after the 𝑘-th iteration, then

partition 𝑃𝑘+1 receives converged external interface rows 𝑅 in the

(𝑘 + 1)-th iteration, making its local computation identical to tra-

ditional ILU factorization. By induction, all 𝑝 partitions converge

within 𝑝 − 1 iterations.
Triangular Solve: Both asynchronous forward and backward

substitution algorithms converge to the exact triangular solvewithin

at most 𝑝−1 iterations. For forward substitution, partition 𝑃0 solves
its separator components exactly in the first iteration since it has

no external dependencies from lower-rank neighbors. By similar

inductive reasoning, if partitions 𝑃0, . . . , 𝑃𝑘 have converged after 𝑘

iterations, then 𝑃𝑘+1 receives converged data and solves exactly in

iteration 𝑘 + 1. The same analysis applies to backward substitution

with reversed dependency order.

3.5 Comparison with Other ILU
Our DAS-ILU method leverages domain decomposition techniques

to partition the computational domain into interior and separator

regions, exploiting their inherent topological properties. This ap-

proach enables direct parallel processing of interior rows, while

separator rows are computed through an efficient fixed-point itera-

tion scheme to approximate the ILU factors.

Compared to the fine-grained parallel ILU methods [10] pro-

posed by Chow and Patel, DAS-ILU offers significant advantages.

It confines the fixed-point iteration and Jacobi iteration for ap-

plication to a small subset of rows (separators), which typically

constitute a minor fraction of the total domain, thus substantially

reducing overall computation time. Moreover, after the first sweep,

DAS-ILU dramatically decreases communication overhead in sub-

sequent iterations, which is particularly beneficial in large-scale

distributed computing environments where communication costs

can be a major bottleneck.

In contrast to conventional domain decomposition-based ILU

methods [5, 7, 8, 39], DAS-ILU achieves a minimization of the sepa-

rator region size, resulting in a separator size approximately half

that of general domain decomposition ILU methods. More impor-

tantly, a key distinguishing feature of DAS-ILU is that it employs

asynchronous fixed-point iterations that implicitly handle the in-

terface coupling, eliminating the computational and memory costs
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associated with explicit Schur complement construction and stor-

age. These two advantages make DAS-ILU particularly well-suited

for problems with large interface regions where traditional Schur

complement-based methods become prohibitively expensive.

3.6 Point-block Preconditioner
In coupled PDE systems, the Jacobian matrices inherently exhibit

block structures, with each block representing intra-cell variable

couplings. Leveraging this structure, we employ point-blocking,

a technique that enables exact inversion of small dense blocks.

This approach efficiently resolves local coupling between different

physical variables at each mesh point, effectively extending scalar

PDE iterations to systems of PDEs [23].

To harness these advantages, we adopt a block compressed

row storage (Block-CSR) format, which contiguously stores en-

tries within each block, treating them as small dense matrices. This

block-wise representation enables algorithm-level optimizations

where scalar operations in conventional ILU are systematically

elevated to block operations, as detailed in Algorithm 1.

During factorization, diagonal blocks 𝐴𝑘𝑘 undergo in-place LU

decomposition with partial pivoting, retaining both 𝐿 and𝑈 factors,

followed by two triangular solve (TRSM) operations to compute

𝐴𝑖𝑘 = 𝐴𝑖𝑘𝐴
−1
𝑘𝑘

. Notably, for small dense blocks, manually unrolled

loop implementations with explicit vectorization intrinsics may

outperform BLAS library calls. Off-diagonal updates 𝐴𝑖 𝑗 = 𝐴𝑖 𝑗 −
𝐴𝑖𝑘𝐴𝑘 𝑗 employ similar vectorization strategies. During triangular

solving phases, we achieve exact block matrix inversions through

TRSV operations using the stored 𝐿 and𝑈 factors.

4 Experimental Setup
4.1 Evaluation Platforms
We conducted our experiments on a high-performance computing

cluster consisting of 64 nodes. Each node is equipped with dual

Intel Xeon Gold 6348 processors, totally 56 CPU cores, operating at

a base frequency of 2.60 GHz, and 128GB of DDR4-3200 memory.

The complete system provides an aggregate compute capacity of

3,584 CPU cores.

The software environment consists of Kylin Linux operating

system, MPICH-4.1.2, and the Intel 2023 compiler (with -O3 opti-

mization flag enabled). Domain decomposition and load balancing

are implemented using ParMETIS 4.0.3. To ensure reproducibility,

each test was repeated five times, and we report the average results.

4.2 Competing Baselines
We implemented our DAS-ILU algorithm in the YHAMG algebraic

multigrid package [18, 41] and integrated it as a smoother in the

AMG cycle. For comprehensive evaluation, we compare DAS-ILU

against three baseline methods:

Serial: A conventional sequential ILU implementation with block

structure support.

Chow-Patel: Our MPI-based implementation of the fine-grained

parallel ILU by Chow and Patel [10], which employs traditional ILU

factorization for on-processor blocks and fixed-point iterations for

off-processor blocks, with block structure support.

HYPRE: The open-source HYPRE library (v2.32.0) [17] with do-

main decomposition-based ILU implementation, supporting ILUK

Table 1: Test matrices from SuiteSparse collection. Janna
group matrices are symmetric positive definite with block
size 3, while Fluorem group matrices are nonsymmetric and
indefinite with block size 7.

Group Matrix 𝑛 𝑛𝑛𝑧 SPD 𝑛𝑏

Janna

Hook_1498 1,498,023 59,374,451 yes 3

Flan_1565 1,564,794 114,165,372 yes 3

Geo_1438 1,437,960 60,236,322 yes 3

Emilia_923 923,136 40,373,538 yes 3

Fluorem

PR02R 161,070 8,185,136 no 7

RM07R 381,689 37,464,962 no 7

and ILUT variants and algebraic multigrid solver. Block structure

support is not implemented.

The experimental configuration deploys 56 MPI processes per

node. Matrix partitioning uses ParMETIS to optimize spatial local-

ity. All baselines employ Reverse Cuthill-McKee (RCM) reordering

within local subdomains, while DAS-ILU implements RCM reorder-

ing for local interior and separator blocks separately.

For practical problemswith complexmatrix structures, ILU(0) [33]

may exhibit limited convergence, so our implementation uses ILU(1)

as the baseline configuration. For severely challenging ill-conditioned

matrices, we extend to ILU(2). The filling level is precomputed to

determine the sparse pattern structure, followed by static-pattern

ILU decomposition. Both reordering and pattern calculations are

included in the preconditioner setup time metrics.

4.3 Evaluation Case
We selected sparse matrices from SuiteSparse for evaluation, includ-

ing six matrices from the Janna and Fluorem groups. The matrices

from the Janna group [20, 21] are derived from finite element simula-

tions of gas reservoir dynamics and structural mechanics problems.

These matrices are symmetric and positive definite, verifying the

effectiveness of the ILU-preconditioned PCG solver. The matrices

from the Fluorem group [28] model compressible Navier-Stokes

equations. These matrices are nonsymmetric and indefinite, requir-

ing FGMRES [31] or BiCGSTAB [37] solvers. Given the scale of

these matrices, we performed tests using 56 processes on a single

node.

For multi-node scalability evaluation, we focused on convection-

diffusion equations and the SPE10 benchmark model [11] with

hundreds of millions of unknowns. These large-scale problems

were solved using up to 64 compute nodes, evaluating FGMRES

with both ILU and AMG (using ILU smoothing) preconditioners.

The convergence tolerance is set to a relative drop of 1.0e-08

in the relative residual. An iteration ceiling of 5,000 steps acts as

a safeguard against non-convergent configurations. For problems

without a provided right-hand side, we set 𝑏 to a vector with all

terms equal to 1.

5 Experimental results
5.1 Janna Problems
We evaluate the performance of different ILU implementations

on four matrices from the Janna group. These matrices are list

in Table 1, which are symmetric positive definite, derived from
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Table 2: Preconditioner setup time and PCG iterations for Janna
problems under different sweep configurations. The solver uses
exact methods for triangular solves during preconditioning.

DAS-ILU Chow-Patel

matrix sweeps setup time iter setup time iter

1 0.1109 5000+ 0.1038 5000+

2 0.1313 896 0.1366 769

Hook_1498 3 0.1470 807 0.1738 771

𝛾 = 0.915 4 0.1668 804 0.2061 791

5 0.1843 804 0.2438 769

HYPRE 0.3357 1137 0.3357 1137

Serial 2.0806 738 2.0806 738

1 0.1989 5000+ 0.2003 5000+

2 0.2646 2434 0.3035 2486

Flan_1565 3 0.3299 2372 0.4165 2435

𝛾 = 0.930 4 0.3889 2372 0.5194 2386

5 0.4644 2372 0.6168 2384

HYPRE 0.9951 2865 0.9951 2865

Serial 4.5743 1794 4.5743 1794

1 0.1123 373 0.1126 5000+

2 0.13284 353 0.1531 325

Geo_1438 3 0.15552 351 0.1861 323

𝛾 = 0.894 4 0.17455 348 0.2198 323

5 0.19385 348 0.2578 322

HYPRE 0.3609 360 0.3609 360

Serial 2.2836 303 2.2836 303

1 0.07849 5000+ 0.07397 5000+

2 0.0967 5000+ 0.10451 5000+

Emilia_923 3 0.10846 1193 0.12797 5000+

𝛾 = 0.869 4 0.12141 1190 0.15841 1092

5 0.13601 1190 0.17981 1090

HYPRE 0.23653 5000+ 0.23653 5000+

Serial 1.52744 143 1.52744 143

Table 3: Solve time and iterations for Janna problems
with different Jacobi steps for triangular solve. 5 fixed-
point sweeps is used to setup the preconditioner.

DAS-ILU Chow-Patel

steps solve time iter solve time iter

1 10.759 1430 10.351 1400

2 7.0193 809 9.5764 776

3 7.3595 807 13.132 770

4 7.8011 807 16.741 770

5 8.1113 807 20.143 770

HYPRE 28.012 1137 28.012 1137

Serial 104.59 738 104.59 738

1 44.081 3756 41.979 3685

2 32.563 2471 45.301 2398

3 32.662 2372 62.106 2402

4 34.282 2370 79.570 2404

5 35.726 2373 95.482 2402

HYPRE 128.39 2865 128.39 2865

Serial 457.68 1794 457.68 1794

1 6.7594 994 7.1646 1061

2 2.9018 368 3.8515 338

3 2.9207 348 5.0025 322

4 3.0671 348 6.2754 322

5 3.1801 351 7.6512 322

HYPRE 9.6894 360 9.6894 360

Serial 46.795 303 46.795 303

1 18.0645 5000+ 17.9475 5000+

2 20.2883 5000+ 29.2282 5000+

3 8.70918 2069 25.7177 3327

4 5.1646 1190 10.6674 1139

5 5.38941 1190 12.0291 1089

HYPRE 97.836 5000+ 97.836 5000+

Serial 11.328 143 11.328 143
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Figure 6: Setup and iteration time of HOOK_1498: Setup time
for up to 5 fixed-point sweeps, time per iter in PCG for up to
5 Jacobi steps (right).
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Figure 7: Speedup of ILU implementations relative to serial
execution for the four Janna matrices.

finite element simulations of gas reservoir dynamics and structural

mechanics problems. They exhibit inherent block structures with a

block size of 3, corresponding to three displacement unknowns per

grid node. Therefore, block-aware DAS-ILU and Chow-Patel has

particular advantages for these problems over HYPRE.

Experiments are conducted with one MPI rank per core on a

single node with 56 MPI processes, and the local ILU computations

are performed in a single-threaded manner. We evaluate the PCG

solver with ILU(1) preconditioner for each implementation.

5.1.1 Setup Time. Table 2 shows the preconditioner setup time

and PCG iterations with different fixed-point sweeps configura-

tions. Preconditioning in solver uses exact methods for triangular

solving. Performance benchmarks against serial and HYPRE im-

plementations are provided for reference. We introduce the metric

𝛾 ∈ [0, 1] to quantify the proportion of interior rows in the DAS-ILU
decomposition, defined as:

𝛾 =
number of interior rows

total matrix rows

.

This metric reflects the parallelization potential of the system, with

𝛾 → 1 indicating optimal domain partitioning where most rows

can be processed without cross-node dependencies. In all four prob-

lems, the proportion of interior rows reached more than 0.85, which

demonstrates that DAS-ILU maintains significant performance ad-

vantages over Chow-Patel.
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Figure 8: Speedup relative to serial implementation for two
matrices from Fluorem group.

From the results of Table 2, DAS-ILU exhibits slightly higher iter-

ation counts than Chow-Patel in most experimental cases (with the

exception of Flan_1565), while the serial implementation achieves

minimal iteration counts and HYPRE demonstrates the most it-

erations. This contrast becomes particularly pronounced in the

Emilia_923 case, where both DAS and Chow-Patel methods re-

quired 7-8 times more iterations than the serial approach, while

HYPRE failed to converge within 5,000 iterations. Both DAS-ILU

and Chow-Patel preconditioners show stabilized convergence after

3 fixed-point sweeps, though Chow-Patel requires a minimum of

4 sweeps for successful convergence in the Emilia_923 problem.

At 5 sweeps, DAS-ILU achieves a 1.32x setup speedup over Chow-

Patel and 1.7–2.1x over HYPRE, with >10x acceleration compared

to serial implementation.

Figure 6 (left) demonstrates the setup times of DAS-ILU and

Chow-Patel with 1 to 5 fixed-point sweeps. The DAS-ILU method

demonstrates growing setup time advantages over Chow-Patel as

sweep counts increase.

5.1.2 Solve Time. Table 3 presents the triangular solve times for

preconditioners constructed with 5 fixed-point sweeps, evaluated

across varying numbers of Jacobi steps. The results demonstrate

that DAS-ILU’s computational advantage over Chow-Patel grows

consistently with increasing Jacobi steps. As shown in Figure 6

(right), DAS-ILU maintains near-constant solve time per iteration

for the Hook_1498 problem, with marginal increases per additional

step. In contrast, Chow-Patel exhibits linear time growth with step

count, reaching up to 2.6× longer time at 5 steps than DAS-ILU.

While more steps generally improve convergence, both meth-

ods exhibit minimal iteration reductions beyond three steps in

most scenarios. Notably, Emilia_923 requires five steps for itera-

tion stabilization under Chow-Patel versus four in the DAS-ILU

implementation. Chow-Patel achieves the minimum solve time at 2

Jacobi steps for Hook_1498 and Geo_1438, and at 1 and 4 steps for

Flan_1565 and Emilia_923 respectively. For the DAS-ILU method,

the first three problems all have the minimum solve time when tak-

ing 2 steps, while the Emilia_923 problem has the minimum solve

time when taking 4 steps. Under these optimal conditions, DAS-ILU

achieves speedups of 1.3–2.07× over Chow-Patel across different
problems, with 3.3–4.0× improvements over HYPRE, and 14–16×
acceleration relative to serial implementation (except Emilia_923

which shows about 2× due to its ill-conditioned nature).

Figure 7 presents the total speedup (setup + solve time) relative to

serial implementation. Despite employing five fixed-point sweeps

during preconditioner construction, both Chow-Patel and DAS-ILU

maintain computationally efficient setup phases. Note that HYPRE

fails to converge for Emillia_923, whereas DAS-ILU converges in

1,190 iterations despite identical block structure. This underscores

DAS-ILU’s enhanced robustness for ill-conditioned systems.

5.2 Fluorem Problems
The two matrices used for evaluation are listed in Table 1. The

equations involved are the compressible Reynolds Averaged Navier-

Stokes (RANS) equations. They are nonsymmetric and indefinite,

exhibiting a block structure with original block size 7.

We conducted the experiments on a single node with 56 pro-

cesses. Both matrices present significant solving challenges, re-

quiring at minimum ILU(2) preconditioning to ensure convergence

according to our experiments. PR02R can be successfully solved us-

ing the FGMRES(100) with ILU(2) preconditioner. However, RM07R

proves problematic for FGMRES across all four ILU implemen-

tations. BiCGSTAB emerges as the viable alternative, achieving

convergence in serial, Chow-Patel, and DAS-ILU implementations.

HYPRE fails to converge even with BiCGSTAB.

Table 4 details preconditioner setup times and iteration counts

under various fixed-point sweeps. To ensure accurate iteration

counts during the solution phase, we employ exact triangular solves

when applying the ILU preconditioner. For the RM07R matrix, the

low interior proportion 𝛾 = 0.591 results in a large separator re-

gion with significant inter-processor dependencies. The sweeps re-

quirements for Chow-Patel implementation are significantly higher,

which requires at least 27 sweeps to achieve convergence, while

the DAS-ILU requires 6 sweeps. Hypre failed to converge on this

problem.

Table 5 evaluates triangular problem solving times using 5-sweep

preconditioners with varying Jacobi steps. For the PR02R problem,

both DAS-ILU and Chow-Patel use 5 sweeps to setup the precondi-

tioner. While for RM07R, Chow-Patel uses 28 sweeps, and 6 sweeps

for DAS-ILU. For both implementations, the solution time is min-

imized for both problems when the number of Jacobi steps is set

to three. While Chow-Patel shows slightly better solve times in

some configurations, DAS-ILU demonstrates superior total time

performance due to its reduced setup overhead. The total speedup

relative to serial implementation is shown in Figure 8. The DAS-ILU

demonstrates notable performance advantages across both matri-

ces. For the PR02R problem, DAS-ILU achieves speedup factors of

1.46× against Chow-Patel, 4.11× over HYPRE, and 5.71× compared

to the serial implementation. While for RM07R problem, DAS-ILU

attains a 1.85× speedup over Chow-Patel and a 2.01× speedup over

the serial implementation.

5.3 3D Convection-diffusion Problem
In this section, we test the 3D convection-diffusion equation

−Δ𝑢 + 𝛼∇ · 𝑢 = 𝑓 , (13)

with Dirichlet boundary conditions. The diffusion part is discretized

using central finite differences, while upwind finite differences are

used for the advection term. This results in an asymmetric problem.

The parameter 𝛼 parameterizes the strength of the advection term.

As 𝛼 is increased, the matrix becomes more nonsymmetric. We

tested the solution performance when the advection coefficient was

set to 𝛼 = 500, 1500 and 2500 respectively. The global problem size
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Table 4: Preconditioner setup time and solver iterations for Flu-
orem problems with different fixed-point sweeps configurations.
The PR02R problem employs the FGMRES solver, while RM07R
utilizes BiCGSTAB. Preconditioning in solver uses exact methods
for triangular solving. Note that RM07R for Chow-Patel requires
at least 27 sweeps.

DAS-ILU Chow-Patel

matrix sweeps setup time iter sweeps setup time iter

1 0.0441 5000+ 1 0.0349 5000+

2 0.0496 482 2 0.0536 5000+

PR02R 3 0.0635 488 3 0.0703 489

𝛾 = 0.842 4 0.0771 488 4 0.0912 464

5 0.0925 488 5 0.1242 464

HYPRE 0.2401 1074 HYPRE 0.2401 1074

Serial 0.8041 142 Serial 0.8041 142

3 2.7357 5000+ 26 20.723 5000+

4 3.5242 5000+ 27 21.689 361

RM07R 5 4.3554 513 28 22.577 322

𝛾 = 0.591 6 5.1459 455 29 23.790 328

7 5.9529 451 30 24.879 347

HYPRE 2.8372 5000+ HYPRE 2.8370 5000+

Serial 11.235 110 Serial 11.235 110

Table 5: Solve times and iteration counts for Fluorem
benchmark problems with the different Jacobi steps.
PR02R employs the FGMRES solver with 5 sweeps
for preconditioner setup. RM07R utilizes BiCGSTAB,
with 28 sweeps for the Chow-Patel preconditioner
and 6 sweeps for DAS-ILU.

DAS-ILU Chow-Patel

steps solve time iter solve time iter

1 8.9473 5000+ 8.8593 5000+

2 11.006 5000+ 14.699 5000+

3 1.1326 487 1.6626 464

4 1.1968 489 1.9505 456

5 1.2724 488 2.2259 459

HYPRE 4.7982 1074 4.7982 1074

Serial 6.2013 142 6.2013 142

1 45.229 5000+ 43.523 5000+

2 13.481 774 86.363 5000+

3 10.638 447 9.9606 341

4 12.452 421 14.614 376

5 15.477 436 16.962 346

HYPRE 798.71 5000+ 798.71 5000+

Serial 24.223 104 24.223 104
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Figure 9: Total time of ILU-FGMRES and AMG-FGMRES
solvers applied to 3D convection-diffusion benchmark prob-
lems with varying advection coefficients, on a 50 × 50 × 50
cube per MPI process across 1 to 64 nodes.

was set to a cubic area of 800 × 800 × 700. 64 nodes with a total of

3584 cores were used, and each core with an MPI process.

We conduct weak scaling experiments from 1 to 64 nodes, main-

taining a constant subdomain size of 50×50×50 grid points per MPI

process. Each node contains 56 MPI processes, resulting in a total

of up to 3584 processes for the 64-node configuration. The global

problem size scales proportionally with the number of processes.

All methods use FGMRES(40) with ILU(1) preconditioner. We

use three fixed-point sweeps for ILU factorization, and three Jacobi

steps in preconditioning for DAS-ILU and Chow-Patel. The ILU

type in HYPRE is selected as 30 (RAS-ILUK). Our implementation

additionally introduces algebraic multigrid (AMG) preconditioning,

typically enabling accelerated solution convergence. The DAS-ILU

and Chow-Patel implementations use YHAMG as their AMG frame-

work, while the HYPRE implementation calls its BoomerAMG. The

AMG configuration employs HMIS coarsening with ext+i interpo-

lation implemented through matrix-matrix multiplication (entries

truncated to four elements per row maximum), augmented by one

aggressive coarsening stage using a strength threshold of 0.3. The

relaxation scheme employs ILU(0) smoothing on the finest level

with symmetric Gauss-Seidel relaxation for coarse-level. This con-

figuration exhibited superior computational efficiency for HYPRE

in our benchmarks.

Figure 9 summarizes the total computation times across differ-

ent node counts and advection coefficients. For the ILU-FGMRES

method, DAS-ILU consistently outperforms competing approaches

across all scaling configurations. At 64 nodes, DAS-ILU achieves

speedups of 1.36–1.47× over Chow-Patel and 1.32–1.43× overHYPRE

across different advection coefficients. However, under the weak

scaling setup, the ILU-FGMRESmethod exhibits severe convergence

degradation as the global problem size increases, with iteration

counts rising by 7.27–14.42× when scaling from 1 to 64 nodes.

In contrast, the AMG-FGMRES method demonstrates superior

scalability characteristics. At 64 nodes, DAS-ILU with AMG precon-

ditioning achieves speedups of 1.21–1.28× compared to Chow-Patel

and 2.29–2.35× relative to HYPRE. AMG-FGMRES exhibits much

better convergence stability, with iteration counts increasing by

only 25%–50% when scaling from single-node to 64-node config-

urations.

5.4 SPE10 Problem
Multicomponent flow models involve the coupling of nonlinear

PDEs, which are solved implicitly via block-structured Jacobian

systems. We evaluate performance using the oil-water SPE10
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Figure 10: Strong scaling performance of ILU-FGMRES and
AMG-FGMRES implementations on the SPE10 benchmark,
showing total solution time as a function of node count from
4 to 64 nodes. HYPRE’s AMG-FGMRES fails to converge.

benchmark [11], characterized by strong heterogeneity, with the

grid refined to a resolution of 480 × 880 × 340. Each grid node

contains three displacement unknowns, resulting in approximately

358 million total unknowns. The problem is executed across 4 to 64

compute nodes (224 to 3,584 cores), with one MPI process assigned

per core to assess strong scaling behavior.

All implementations use FGMRES(40) with three fixed-point

sweeps and three Jacobi steps for the ILU preconditioner. We apply

ILU(1) for both the DAS-ILU and Chow–Patel ILU implementations.

In HYPRE, ILU(1) fails to converge, so ILUT(1000, 0.01) is used

instead. We also attempt to solve this problem using AMG-FGMRES.

In YHAMG, the AMG configuration employs a block-aggregate

multigrid method. The relaxation scheme applies ILU(1) smoothing

on the finest level and symmetric Gauss–Seidel relaxation on the

coarse levels. The cycle type is set to the more robust K-cycle [27].

In contrast, in our tests, both BoomerAMG and the block-based

MGR methods in HYPRE fail to converge for this problem.

Figure 10 presents the strong scaling performance, showing

speedups relative to the 4-node DAS-ILU baseline. For the ILU-

FGMRES method, DAS-ILU demonstrates excellent strong scaling

behavior, achieving a 17.3× speedup when scaling from 4 to 64

nodes. At 64 nodes, DAS-ILU maintains its performance advantage

with speedups of 1.21× over Chow-Patel and 1.47× over HYPRE.

For the AMG-FGMRES method, DAS-ILU achieves a 13.4× speedup
from 4 to 64 nodes and maintaining a 1.2× advantage over Chow-

Patel at 64 nodes.

6 Related Works
Incomplete LU (ILU) factorization remains one of the most widely

used preconditioning strategies for sparse linear systems [33, 35].

Parallelization of ILU factorization has been a topic of much interest

since the 1980s. Early efforts to parallelize ILU focused on graph-

based reordering strategies such as level scheduling and multicolor

ordering, which aim to expose concurrency by manipulating the

matrix structure [22, 28, 36]. Although effective for a certain class of

problems, these approaches often degrade the quality of the precon-

ditioner, particularly for nonsymmetric or irregular matrices [14].

To improve scalability, domain decomposition methods have

been employed to localize ILU factorizations. These methods parti-

tion the global problem into smaller subdomains, allowing indepen-

dent ILU application on each subdomain. Additive Schwarz-type

methods, in particular, are popular in distributed memory envi-

ronments, where each subdomain can be assigned to a different

processor [19, 29]. The HYPRE library [15, 16] incorporates such

strategies by offering ILU variants like ILUK and ILUT within ad-

ditive Schwarz frameworks. However, interface coupling between

subdomains introduces synchronization overheads and often ne-

cessitates communication-heavy global solves. Saad proposes mul-

tilevel ILU methods with ideas that relate to hierarchical or domain

decomposed strategies [32].

Algebraic Multigrid (AMG) is a highly efficient algorithm for

solving large-scale sparse linear systems [3, 26]. Its core idea in-

volves constructing a hierarchy of grid levels, where coarse grids

rapidly eliminate low-frequency errors and fine grids address high-

frequency errors, thereby accelerating iterative convergence. Inte-

grating ILU with AMG to improve preconditioning effectiveness

has become a significant research direction and has been included

in HYPRE [17] and YHAMG [18, 40].

Recent research has explored the combination of ILU with do-

main decomposition to better balance local computation and com-

munication. Yet, most existing methods either require complex

synchronization protocols or fall short in handling highly irregular

systems. The Restricted Additive Schwarz (RAS) approach of Cai

and Sarkis [6] attempted to address this by minimizing overlap and

reducing the volume of communication, but its convergence perfor-

mance remains sensitive to interface approximations. Point-block

ILU preconditioner [23, 24, 35] for SIMD acceleration is studied to

solve multiphysics coupled PDE problems.

Our work builds upon these developments by proposing a dis-

tributed asynchronous ILU (DAS-ILU) framework that integrates

domain decomposition, hierarchical reordering, and lightweight

asynchronous communication. Unlike prior methods, DAS-ILU de-

couples interior and interface computations using a rank-based

partitioning strategy and reduces the volume of communicated mes-

sages. This design improves scalability and preserves robustness

even on indefinite problems such as those arising from compressible

flow simulations [29].

7 Conclusion
This paper presents DAS-ILU, a distributed asynchronous ILU

preconditioner designed to overcome the scalability and synchro-

nization challenges of traditional ILU algorithms on modern multi-

core and distributed-memory architectures. By tightly integrating

domain decomposition with a two-level asynchronous iteration

framework, DAS-ILU effectively decouples interior and separator

computations, significantly reducing global synchronization over-

head while preserving the robustness of ILU-based preconditioners.

These contributions collectively enable scalable and efficient precon-

ditioning for both symmetric positive-definite and nonsymmetric

indefinite systems.

Experimental validation across over 10 large-scale benchmarks,

including indefinite systems from compressible Navier-Stokes and

reservoir models with up to 358 million unknowns, demonstrates

DAS-ILU’s robustness and efficiency. DAS-ILU achieves 1.3–2.07×
speedup over Chow-Patel and up to 4.11× speedup over HYPRE

across different problem types. On 3,584-core clusters, DAS-ILU

maintains 1.2–1.47× performance advantages. Notably, DAS-ILU

succeeds where HYPRE fails, particularly for challenging indefinite

systems like Emilia_923 and RM07R.
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Looking forward, this work opens up promising directions for

further research. Future extensions will explore adaptive fill-level
strategies,mixed-precision factorizations, and GPU-accelerated imple-
mentations to further enhance performance. Moreover, integration

withmultiphysics solvers and learning-based auto-tuning of iteration
parameters presents new opportunities for expanding DAS-ILU’s

applicability in exascale scientific computing [1].
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Appendix: Artifact Description/Artifact Evaluation

Artifact Description (AD)

A Overview of Contributions and Artifacts
A.1 Paper’s Main Contributions

C1 Efficient Domain Decomposition: Partitions the computa-

tional domain into interior and separator regions, minimiz-

ing cross-processor dependencies while reducing separator

size by approximately 50%.

C2 Communication-aware Asynchronous Iteration: Integrates

domain decomposition with asynchronous communication,

utilizing parallel factorization for interior rows and fixed-

point iterations for separator rows.

C3 Block-structured Support: Extends support to block-structured

matrices using exact block inversions, improving efficiency

for coupled PDE systems.

A.2 Computational Artifacts
A1 https://doi.org/10.5281/zenodo.15294834

Artifact ID Contributions Related

Supported Paper Elements

𝐴1 𝐶1,𝐶2,𝐶3 Tables 2-6

Figures 1-10

B Artifact Identification
B.1 Computational Artifact 𝐴1

Relation To Contributions
The artifact 𝐴1 implements all three main contributions:

C1 Implements efficient domain partitioning into interior and

separator regions using ParMETIS. Results in Tables 2-3

(𝛾 > 0.85) show reduced separator size and improved load

balancing.

C2 Implements asynchronous communication for ILU factor-

ization and triangular solves. Efficiency demonstrated in

Figures 7-10.

C3 Supports block-structured matrices with exact block in-

versions. Evident in SPE10 results (Figure 10) and Fluorem

matrices (Tables 5-6).

Expected Results
DAS-ILU demonstrates superior performance, achieving speedups

of up to 2.07× over Chow-Patel’s fine-grained parallel ILU and

up to 4.11× over HYPRE’s ILU across various problem types. It

exhibits strong scalability on distributed systems with more than

3,500 cores and maintains robustness for challenging nonsymmetric

and indefinite systems.

Expected Reproduction Time (in Minutes)
The execution time for this artifact typically ranges from 5 to 20

minutes. The precise duration varies significantly depending on

the problem size and the number of processors utilized in paral-

lel. Detailed execution times for various tasks are provided at the

conclusion of each experimental run.

Artifact Setup (incl. Inputs)
Hardware. Evaluation was conducted on a high-performance clus-

ter comprising 64 nodes, each equipped with dual Intel Xeon Gold

6348 processors (56 cores/node), operating at a 2.60 GHz base fre-

quency, and 128GB of DDR4-3200 memory.

Software. The artifact requires MPICH 4.1.2 and the Intel 2023 com-

piler. Hypre (available at github.com/hypre-space/hypre) is also

necessary as a competitive baseline for testing and comparison.

Datasets / Inputs. The evaluation utilizes matrices from the SuiteS-

parse Collection (sparse.tamu.edu), the SPE10model, and 3D convection-

diffusion systems generated using Hypre’s GenerateDifConv inter-

face.

Installation and Deployment. The artifact is built using MPICH 4.1.2

and Intel C++ Compiler 2023 (ICC 2023.2.0) with -O3 optimization.

Artifact Execution
The workflow of this artifact is divided into four tasks: T1, T2, T3,

T4. Their dependencies are:

𝑇1 → 𝑇2 → 𝑇3 → 𝑇4.

T1 Read the matrix and right-hand side vector files and dis-

tributes the data to each process.

T2 Repartition and redistribute the matrix and right-hand side

vector using ParMETIS.

T3 Setup the ILU or AMG preconditioner with the input con-

figuration.

T4 Execute Preconditioned CG/GMRES solver to solve the sys-

tem.

The numerical solver employs a relative residual norm reduction

threshold of 1.0e-08 with a 5,000-iteration safeguard. ILU precon-

ditioning uses fill level 1-2 factorization with RCM reordering for

local blocks, applying 2-5 fixed-point sweeps and Jacobi steps. AMG

utilizes HMIS coarsening with ext+i interpolation (maximum 4 el-

ements per row), plus one aggressive coarsening stage with 0.3

strength threshold. Relaxation applies ILU(0) smoothing on the

finest level and symmetric Gauss-Seidel on coarse levels. Each con-

figuration is repeated five times for statistical validity.

Artifact Analysis (incl. Outputs)
Results demonstrate DAS-ILU’s significant performance advan-

tages across various problem types. Tables 2-6 showcase speedups

on Janna and Fluorem matrices, with DAS-ILU achieving up to

2.07× improvement over Chow-Patel and 4.11× over HYPRE. Fig-

ure 9 illustrates the method’s scalability for 3D convection-diffusion

problems, demonstrating 1.52-1.59× speedup over Chow-Patel and

1.67-1.77× over HYPRE. Figure 10 presents DAS-ILU’s efficiency

on the SPE10 model, showing a 1.6× speedup over Chow-Patel and

1.44× over HYPRE.
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Artifact Evaluation (AE)
The instructions of how to setup, execute, and analyze the pro-

vided artifacts is included in the subsections of the artifact descrip-

tion part above.

.
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